
Math 564: Real analysis and measure theory
Lecture 23

lbesgue differentiation theorem . For any feloc'(IRI, X),
lim t
r+ 0 x(B-(x))Jfdx = f(x) for X- a . e

.
xEIR!

Br(x)

Equivalently ,
for
any bc

.
finite Bowel measure Mon IRP with Mad,

we have

&M CnMB for xaex . .() =

We will prove this after a definition and lemmas
.

It Art :=A) did and call

Ar the averaging operator at radius .

We want to prove :

lim Art = f a . e.

r-> 0

local-global bridge lemma. It fo L'IR
,
1)

. For each 138
,

we have:

(a) JfdX = JArtdX .

(b) 11 Arfllz = I FII
,

i.e. Ar is an -contraction.
Proof

.
HW

.

huma
.
If ge Loc'IR

,
1) is continuous

, thenin Arg-g everywhere.
Proof

. (Arg(x) - y(x)) = <Bra (S(g(s) - g(x))dx(y2) = (4) Big') -g(x)(dx(y) = suplyis)-g(x) -> 0

by continuity .

y (Br(x) -> 0

Proof of lebesque differentiation .
It is enough to prove that the statement holds for About

for all neIN" sincethl union of wall sets is wall and for each xeBuld
.

the small

ball Br(x) = Bu(d) by openness for all sufficiently small-.
Thus

,
we bx nEIN

,
so

replacing f with 1Ba10)f ,
we may assume f is -integrable and forget Bull.

We him to
prove let Aff := limsup Art =f a .

e
.,
size the argument for living would be

r- p
r + 0



analogous

Notation
.

For a function h : X+ IR and &El
, put \u > d) := [xeX : h(x) < d)

To show But (1** -F1>O3 is wall
,

it is enough to show at S1A* -11-6) is wall for

all d>0 bense (1A* -F(0) = V C1A* -El th .

So we fix &s 0
· Letting yell

be a continuous function
,

we se that
ht/N

+

O
Il

1A*
f - +1 = 1A * f - A*

y
+ A*

g
-

y
+ g

- +) = 1A* - A8g) + 1A* - y) + (g - f)
=1A * (f-g)) + 1g - f) = A

* (f -y) + 1g-f) .

Therefore
, 41A*F-fl > d) = (A* If-y1 > <] V)lf-gk N2] ,

so it is enough to show that
(b) (a)

the last two uts would have arbitrarily small measure for an appropriate choice

of
g. Besse

continuous functions are dease in LCIRA
,
1)

,
we can make Ilf-gll , arbite

varily small
,

so it wouldoffice be show let each of these two sets has measure

constant . If-gll , where the constant doesn't depend on g.

(a) By Chebycher's inequality , E . x(1-gk Yeh) = (lf-g11 1, 20 x (l-gk2))= · llf-gl , to
as g-f

(6) We'd likehe show again atA
*

/F-g1> *2)) = C . Ilf-y/l , for some constant 2,
and this exactly what the following theorem says ,

so XIARIf-g) > <) = 1. If-g11 ,

-> O as gas If .

Hardy-Littlewood Maximal Thorm . Let he L'IRd
,
x) and da0. Then

x()A*hk())= I1.

In fact
, we have X /Ihsd)) [3% PhI,

,
where Athlizup Arch Ah ihe

Hardy Littlewood maximal function .

Proof. Note that for ench xEIRO
,

we have x Ihkd]=) Frt10 , B such But



ArIhl-d ,

i

. e./hdxd ,
i

. e
. XB()< A ,

(x)

- It would be enough to get a atbl subfamily of there balls Br)8 so that they are disjoint and over a constant traction

(Ihk a) lay half of GAIhlad] .

This is exactly the content

of the Vitali covering lemma below
. Granted this lenma

,

we finish the proof as follows
.

Fix
any

as O below X/SAIKd3) ,
and get a finite disjoint

subcollection to (Ba() : x SAMI2)] with X/LB) = Je . a.

BETo

Then Ih , 2Shdx=(d):
BEC

.

a -> x (SA)27)

so x /Ihk()) 11411 .

Vitali Covering Lemma .

Let ACRA be any
X-measurable set of positive measure and let I be

a family of balls that cover A
. Then for each PCAX(A)

,
there is a finite disjoint

subcollection to I such that

x(L/B) = taBelo

Proof. Fix a < X(A) and by regularity get a compact KEA with X(K) > a
.

Then I is still

aover of 1 heave there is a finite subcover (B
, Br, ... , Bub = & of K

.

Order these

balls by decreasing radii radius (B) = radius (B) =
...

Put Bri = B
,
into to

.

Delete

B's the ball that intersect Be
,
and let Bun be a largest racius ball

Bio Be
Be among the remaining balls .

Delete the balls that intersect Bun
,

and

I

I let Bus be a largest radius ball among
what remains

...

B7

ht:minBiBballdea
radius of B

.

After this algorithm finishes
,

we have obtained a disjoint collection



ToBus
,
Bac

, ..., Buhsuch What UBBK bea B cocbains all Bj forj
which intersect Bui
Ms

, x(Bil=x (B)=B tax(eBl-taxRJaa.

Technical Strengthening of rebesque differentiation thm. For each to LoclIRY
,
X,

for X-a
.

e .

XIR9

-F(x) =

Proof
.

What we have proved ishim)-f(x)dx() =OfeaextR This doesnl

However
,
for each constant cEIR

,

V "xY
,

we have : XB-c(dx = +(x)-

In particular
,

we have this for all rational c
,

so intersecting athly many wonall sets
,

we get a

conull st X : IR
*

s .
t

.
VxeX FyEQ :

Es XB-4(dx = f(x) - y

Now fixeX and put c= f(x)
. Take ye ,

solf-cl : /f-yl + /g-c) ,
hence

Y(Br(x))) If-c(dx = YSBr())(f - 21dx + Y(BD dx = YSB)dx + 12- c= (() - y(+ (2 - 4 = 2(a-4

u(x) Br(x) -50
.


